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ON k-NORMALITY AND REGULARITY OF NORMAL TORIC
VARIETIES
BACH LE TRAN
Abstract. We give a bound of k for a very ample lattice polytope to be k-normal.
Equivalently, we give a new combinatorial bound for the Castelnuovo-Mumford regularity
of normal projective toric varieties.
1. Introduction
Let L be a very ample line bundle on an irreducible projective variety X defining an
embedding X → P(H0(X,L)) ∼= Pr. We say that (the embedding of) X is k-normal if the
restriction map
H0(Pr,OPr(k))→ H
0(X,OX(k))
is surjective. We define the k-normality of X to be the smallest positive integer kX such that
X is k-normal for all k ≥ kX . The k-normality of X is closely related to its Castelnuovo-
Mumford regularity. We have that X is (k+1)-regular if and only if X is k-normal and OX
is k-regular (Proposition 4.2); therefore, kX ≤ reg(X)− 1.
Now suppose that X is a normal projective toric variety with L a very ample line bundle
on X . Then L = OX(D) for some torus invariant divisor D. Hence, L corresponds to a
lattice polytope P = PD. We say that P is k-normal if the map
P ∩M + · · ·+ P ∩M︸ ︷︷ ︸
k times
→ kP ∩M
is surjective. We also define the k-normality of P to be the smallest positive integer kP such
that P is k-normal for all k ≥ kP . We have X is k-normal if and only if P is k-normal.
Hence, kX and kP coincide.
In this paper, we will give a new combinatorial bound of the k-normality of very ample
lattice polytopes. First of all, define dP to be the smallest positive integer such that the
map
P ∩M + kP ∩M → (k + 1)P ∩M
is surjective for all k ≥ dP . Such a dP always exists by Lemma 2.2. Since P is very ample,
for every vertex v ∈ P , the semigroup R≥0(P − v) ∩M is generated by (P − v) ∩M . Thus,
for any lattice point x ∈ dP · P ∩M and vertex dP · v of dP · P , we have
x− dP · v =
m∑
i=1
(wi − v),
for some m < +∞, wi ∈ P ∩M . For such a pair (x, dP v), we define
σ(x, dP v) = min
{
m ∈ N
∣∣∣ x− dP v = m∑
i=1
(wi − v) for some wi ∈ P ∩M
}
.
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Let
mP = max
{
σ(x, dP v)
∣∣ x ∈ (dPP ) ∩M, v a vertex of P} .
We now state the most important corollary of our main result, Theorem 2.7, as follows.
Corollary 1.1. Suppose that P is a very ample lattice polytope with n vertices. Then
kP ≤ (mP − dP ) · n+ 1.
It is then natural to ask for an upper bound of mP . If P is a smooth polytope, we
obtained the following result.
Corollary 1.2. Let P be a smooth d-dimensional lattice polytope with n vertices. Let γ be
the smallest integer such that P ⊆ Cv,γ := conv(v, v + γ · (wE1 − v), · · · , v + γ · (wEd − v))
for any vertex v ∈ P , where the (wEi − v)’s are the primitive ray generators of the edges of
P coming from v. Then P is k-normal for all
k ≥ (γ − 1) · (d− 1) · n+ 1.
Finding the explicit value of kP is a really hard question in general. Beck et. al.
([BDGM15]) showed that the k-normality of the polytope in Example 5.1 is s − 1. With
their notations, we have kP = γ(P ) + 1 where γ(P ) is the largest height that contains gaps
in MP . There are also results by Higashitani ([Hig14]), Larson´ and Micha lek ([LM17]) that
give kP for some classes of lattice polytopes. Oda ([Oda88]) asked if P is smooth, is it
always the case that kP = 1? Despite the simple statement, it is still an open question at
the time of writing. For bounds of k-normality, Ogata ([Oga05, Theorem 2]) proved that
any projective toric variety of dimension n ≥ 4 which is a quotient of the projective n-space
by a finite abelian group embedded by a very ample line bundle in Pr is k-normal for every
k ≥ n− 1 + [n/2]. Equivalently, any n-dimensional very ample lattice simplex is k-normal
for k ≥ n− 1 + [n/2].
The main motivation for the study of k-normality is its relation to the Castelnuovo-
Mumford regularity, an important invariant in algebraic geometry. First of all, the regularity
measures the complexity of the ideal sheaf IX from the perspective of free resolution and
gives a bound for the maximal degree of the defining equations of projective varieties. It
also gives bound of complexity for algorithms calculating minimal free resolution of ideals
generated by finitely many homogeneous polynomials ([MM82,Buc83]). There has been a
big focus on finding upper bounds for the Castelnuovo-Mumford regularity of varieties in
general. Mumford ([BM92]) proved that if X ⊂ Pr is a reduced smooth subscheme purely of
dimension d in characteristics 0, then reg(X) ≤ (d+ 1)(deg(X)− 2)) + 2. Kwak ([Kwa98])
proved that ifX is a smooth variety of dimension d in Pr then reg(X) ≤ deg(X)−codim(X)+
2 if d = 3 and reg(X) ≤ deg(X)−codim(X)+5 if d = 4. Recently Kwak and Park ([KP14])
obtained an upper bound for the regularity of non-degenerate smooth projective varieties;
however, it is very hard to find explicit bounds for particular cases.
For toric varieties, Peeva and Sturmfels proved that for a projective toric variety X of
codimension 2 in Pd−1, not contained in any hyperplane then reg(X) ≤ deg(X)− 1 ([PS98],
[Stu95, Theorem 4.2]). Sturmfels also proved that if X is a projective toric variety in Pd−1
then reg(X) ≤ d · deg(X) · codim(X) ([Stu95, Theorem 4.5]).
The most well-known question in finding upper bounds for the regularity of projective
varieties is the Eisenbud-Goto ([EG84]) conjecture which says that if X is irreducible and
reduced then
reg(X) ≤ deg(X)− codim(X) + 1.
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Even though the conjecture fails in general ([MP16]), it has motivated many results on
regularity. In some particular cases, the Eisenbud-Goto conjecture is proven to be true:
smooth surfaces in characteristic zero ([Laz87]), connected reduced curves ([Gia05]), etc.
Furthermore, Eisenbud and Goto ([EG84]) proved that their conjecture holds when X is
arithmetically Cohen-Macaulay. Therefore, it holds for projectively normal toric varieties
since they are arithmetically Cohen-Macaulay ([Hoc72]). For a more detailed list of cases
where the Eisenbud-Goto conjecture holds, please refer to [Nit14]. Note that the Eisenbud-
Goto conjecture is still open for toric varieties.
Combinatorially, for a normal projective toric variety X embedded in Pr via a very
ample line bundle with the corresponding lattice polytope P , we have deg(X) = Vol(P ),
the normalized volume of P , and codim(X) = |P∩M |−dimP−1. We define the degree of P ,
denoted by deg(P ), as follows. If P has no interior lattice points, let deg(P ) be the smallest
non-negative integer i such that kP contains no interior lattice points for 1 ≤ k ≤ d − i.
If P has interior lattice point(s) then we define degP = d. By Proposition 4.5, we have
reg(X) = max{kP , deg(P )}+ 1. Hence, the Eisenbud-Goto conjecture can be translated as
if
max{kP , deg(P )} ≤ Vol(P )− |P ∩M |+ dimP + 1.
Note that by [HKN17, Proposition 2.2], we have
deg(P ) ≤ Vol(P )− |P ∩M |+ dimP + 1.
Hence, it remains to verify if
kP ≤ Vol(P )− |P ∩M |+ dimP + 1.
In particular, if kP ≤ deg(P ) then the Eisenbud-Goto conjecture holds in this case. Our
bound in Theorem 2.7 proves the conjecture for cases; in particular, the case s = 4 in
Example 5.1.
Acknowledgements. The author wants to thank Jinhuyng Park for introducing the ques-
tion and a useful discussion, Arend Bayer, David Cox, and Lukas Kattha¨n for some helpful
suggestions and conversations, and Milena Hering for all the invaluable advice.
2. k-normality of Very Ample Polytopes
The main goal of this session is to give a bound for k-normality of very ample lattice poly-
topes. There are a few equivalent definitions of very-ampleness, so to avoid any confusion
we introduce the definition used in this paper.
Definition 2.1. A lattice polytope P ⊆ MR is very ample if for every vertex v ∈ P , the
semigroup SP,v = N(P ∩M − v) generated by the set
P ∩M − v = {u− v|u ∈ P ∩M}
is saturated in M ; i.e., if c · u ∈ SP,v for some c ∈ N
∗ then u ∈ SP,v. Equivalently, P is very
ample if the affine monoid R≥0(P − v) ∩M is generated by the set P ∩M − v.
The starting point for our main result is the following lemma:
Lemma 2.2. Let P be a d-dimensional lattice polytope with n vertices V = {v1, · · · , vn}.
(a) For any k ≥ n− 1,
(k + 1)P ∩M = V + kP ∩M.
(b) [EW91,LTZ93,BGT97] For k ≥ d− 1, we have
(k + 1)P ∩M = P ∩M + kP ∩M.
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Proof. We follow the argument in [EW91] to give a proof for (a). Let x be a lattice point
in (k + 1)P ∩M . Then x =
∑n
i=1 λivi for some λi ≥ 0,
∑n
i=1 λi = k + 1. Since k + 1 ≥ n,
there must be an i such that λi ≥ 1. Then
x = vi +

 ∑
1≤j≤n
j 6=i
λjvj + (λi − 1)vi


with
(∑
1≤j≤n
j 6=i
λjvj + (λi − 1)vi
)
∈ kP ∩M . The conclusion follows. 
From the above lemma, we obtain two well-defined invariants of P as follows.
Definition 2.3. Let P be a lattice polytope with the set of vertices V = {v1, · · · , vn}. We
define dP to be the smallest positive integer such that the map
(k + 1)P ∩M = P ∩M + kP ∩M.
We also define νP to be the smallest positive integer such that for any k ≥ νP ,
(k + 1)P ∩M = V + kP ∩M.
Moreover, it is clear from the definitions that dP ≤ νP ≤ n − 1. Also, if P is an empty
lattice polytope then νP = dP .
In general, k-normality does not imply (k + 1)-normality, with some counterexamples
given by [Han90, Theorem 9] and [LM17, Theorem 12]. However, if P is k-normal for some
k ≥ dP then it is (k + 1)-normal. We will show this as a part of the following lemma.
Lemma 2.4. Let P be a d-dimensional lattice polytope of dimension d with n vertices
V = {v1, · · · , vn}.
(a) For any k ≥ dP and u ∈ kP ∩M , we can write u as
u = x+
k−dP∑
i=1
ui,
where x ∈ dPP ∩M and ui ∈ P ∩M for all 1 ≤ i ≤ k − dP .
(b) If k ≥ νP , for any u ∈ kP ∩M ,
u = x+
νP−dP∑
i=1
ui +
n∑
i=1
λivi
for some x ∈ dPP ∩M , ui ∈ P ∩M , λi ∈ N such that
∑n
i=1 λi = k − νP .
(c) If P is k-normal for some positive integer k ≥ dP then P is (k + 1)-normal.
(d) dP ≤ mP ≤ kP .
(e) P is normal ⇔ dP = kP ⇔ mP = kP ⇔ dP = mP . Therefore, if P is not normal then
kP ≥ mP ≥ dP + 1.
Proof. (a) By the definition of dP , we have a surjective map
dPP ∩M + P ∩M + · · ·+ P ∩M︸ ︷︷ ︸
k−dP
։ kP ∩M.
Hence, for any k ≥ dP and u ∈ kP ∩M , we can write u as
u = x+
k−dP∑
i=1
ui,
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where x ∈ dPP ∩M and ui ∈ P ∩M for all 1 ≤ i ≤ k − dP .
(b) Similarly, for k ≥ νP , we have a surjection
dPP ∩M + P ∩M + · · ·+ P ∩M︸ ︷︷ ︸
νP−dP
+V + · · ·+ V︸ ︷︷ ︸
k−νP
։ kP ∩M,
which yields the conclusion.
(c) Suppose that P is k-normal; i.e.,
P ∩M + · · ·+ P ∩M︸ ︷︷ ︸
k
։ kP ∩M,
then by the definition of dP and since k ≥ dP , we have
P ∩M + · · ·+ P ∩M︸ ︷︷ ︸
k
+P ∩M ։ kP ∩M + P ∩M ։ (k + 1)P ∩M.
In other words, P is (k + 1)-normal.
(d) It follows from the definitions that kP ≥ dP . Now let x be any lattice point in dPP ∩M
and v a vertex of P . Then since x + (kP − dP )v ∈ kP ∩M , there exists wi ∈ P ∩M ,
i = 1, · · · , k such that x+ (kP − dP )v =
∑kP
i=1 wi. In other words,
x− dP v =
kP∑
i=1
(wi − v).
Therefore, σ(x, dP v) ≤ kP . Hence, mP ≤ kP .
For any vertex v of P , let w ∈ P ∩M be a point with maximal distance from v. We
have
dPw − dP v =
σ(dPw,dPv)∑
i=1
(wi − v)
for some wi ∈ P ∩M . Then
‖dPw − dP v‖ =
∥∥∥∥∥∥
σ(dPw,dPv)∑
i=1
(wi − v)
∥∥∥∥∥∥ ≤
σ(dPw,dP v)∑
i=1
‖(wi − v)‖
≤σ(dPw, dP v) · ‖w − v‖ .
It follows that σ(dPw, dP v) ≥ dP . Therefore, mP ≥ dP .
(e) • P is normal ⇔ mP = kP : if P is normal then kP = dP = 1. Conversely, suppose that
k = dP = kP ≥ 2. Then by the definitions of kP and dP , we have a surjection
P ∩M + · · ·+ P ∩M︸ ︷︷ ︸
k
։ kP ∩M,
while the map
(k − 1)P ∩M + P ∩M → kP ∩M
is not surjective. This is a contradiction because
P ∩M + · · ·+ P ∩M︸ ︷︷ ︸
k
⊆ (k − 1)P ∩M + P ∩M.
Hence, P must be normal in this case.
• P is normal ⇔ dP = kP : If P is normal then kP = dP = 1. Conversely, suppose
that dP = kP . Then by (d), we have mP = kP . Therefore, P is normal by the first
equivalence.
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• P is normal ⇔ mP = dP : if P is normal then it is clear that mP = dP = 1. Suppose
conversely that mP = dP . Then for any vertex v ∈ P ∩M and any x ∈ dPP ∩M , we
have x − dP v =
∑dP
i=1(wi − v) which implies x =
∑dP
i=1 wi for some wi ∈ P ∩M . Then
P is dP -normal, so dP = kP by the first part of this lemma. Thus P is normal by the
second equivalence.

Remark 2.5. The above lemma plays a crucial role in our main result in this section. Notice
that mP = kP does not implies P is normal. A counterexample is given by the case s = 4
in Example 5.1.
Remark 2.6. Let P be a d-dimensional lattice polytope. Let LDP (n) be the property that
for any k ≥ n and u ∈ kP ∩M , we can write u as
u = x+
k−n∑
i=1
ui,
where x ∈ nP ∩M and ui ∈ P ∩M for all 1 ≤ i ≤ k − n. Then
dP = min{n ∈ N | LDP (n) holds}.
Indeed, suppose that N = min{n ∈ N | LDP (n) holds}. Then we have a surjection
kP ∩M + P ∩M ։ (k + 1)P ∩M
for all k ≥ N . Therefore, N ≥ dP . On the other hand, by Lemma 2.4, LDP (dP ) holds so
N ≤ dP because of the minimality of N . Hence, N = dP . The conclusion follows.
Theorem 2.7. Suppose that P is a very ample lattice polytope with n vertices. Then
kP ≤ (mP − dP ) · n+ 1.
The equality occurs if and only if P is normal. Furthermore, if P is not normal then
kP ≤ (mP − dP − 1) · n+ νP + 1.
Proof. If P is normal then mP = dP = kP = 1 by Lemma 2.4 (e). Assume that P is not
normal, since νP ≤ n− 1, it is enough to show that
kP ≤ (mP − dP − 1) · n+ νP + 1.
By Lemma 2.4 (e), we have mP ≥ dP + 1. Let V = {v1, · · · , vn} be the set of vertices of P .
Let k ≥ (mP−dP−1)·n+νP+1 and p ∈ kP∩M . Notice that (mP−dP−1)·n+νP+1 ≥ νP+1,
by Lemma 2.4 (b) the lattice point p of kP can be written as
(1) p = x+
νP−dP∑
i=1
ui +
n∑
i=1
λivi
for some x ∈ dPP ∩M , ui ∈ P ∩M , and λi ∈ Z≥0 such that
∑n
i=1 λi = k − νP . Now
k ≥ (mP − dP − 1) · n + νP + 1 implies that k − νP ≥ (mP − dP − 1)n+ 1. Thus, by the
pigeonhole principle, there must be an i such that λi ≥ mP −dP . Without loss of generality,
assume that λ1 ≥ mP − dP . Since P is very ample, we can write
(2) x− dP v1 =
∑
i∈I
ai(wi − v1)
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for some ai ∈ N and wi ∈ P ∩ M with
∑
i∈I ai ≤ mP . Substituting Equation (2) into
Equation (1) yields
p = dP v1 +
∑
i∈I
ai(wi − v1) +
νP−dP∑
i=1
ui +
n∑
i=1
λivi
=
(
dP + λ1 −
∑
i∈I
ai
)
v1 +
∑
i∈I
aiwi +
νP−dP∑
i=1
ui +
n∑
i=2
λivi.
The sum of the coefficients in the last line is k and each of them is non-negative since
dP + λ1 ≥ mP ≥
∑
i∈I ai. Hence, p can be written as a sum of k lattice points in P ; i.e., P
is k-normal. Therefore, kP ≤ (mP − dP − 1) · n+ νP + 1.
Now suppose that kP = (mP − dP ) · n+ 1 but P is not normal. Then
(mP − dP ) · n+ 1 ≤ (mP − dP − 1) · n+ νP + 1
which implies νP ≥ n, a contradiction. Hence, P must be normal. 
Remark 2.8. If P is normal, then mP = dP = 1 and (mP − dP ) · n+ 1 = 1. Our bound is
sharp for this case. Another case where our bound is sharp is given in Example 5.1.
The following example gives a comparison between known results on k-normality of poly-
topes with our result in Theorem 2.7 for the case of unit hypercubes.
Example 2.9. Consider the unit d-dimensional hypercube P with X the toric variety ob-
tained from P . Then we know that dP = 1 and it follows that mP = 1. Our bound in
Theorem 2.7 implies that kP = 1. This bound is sharp. We have the following table of
known bounds of kP .
kP Theorem 2.7 Mumford ([BM92]) Sturmfels ([Stu95]) Eisenbud-Goto ([EG84])
1 1 (d+ 1)(d!− 2) + 1 2d · (d!)(2d − d− 1)− 1 d!− 2d + d+ 1
The only occasion where we need very-ampleness in the proof of Theorem 2.7 is to define
mP . Thus, if we assume mP is defined for an arbitrary lattice polytope P , it follows that
P is k-normal for k big enough. We obtain the following criterion for a lattice polytope to
be very ample.
Proposition 2.10. Let P be a lattice polytope. Then P is very ample if and only if there
exists r ≥ dp such that for any x ∈ rP ∩M and v a vertex of P we have
x− rv =
n∑
i=1
(wi − v)
for some n <∞ and wi ∈ P ∩M .
Proof. The “only if” part follows directly from the definition of very ample polytopes. We
now prove the “if” part. For an r ≥ dP , define
m = max
{
n ∈ N
∣∣∣∣x− rv = n∑
i=1
(wi − v), wi ∈ P ∩M
}
.
It follows from the proofs of Lemma 2.4 (d) and Theorem 2.7 that m ≥ dP and
kP ≤ (m− dP ) · n+ 1.
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Then P is k-normal for k ≫ 0, which implies that P is very ample. The conclusion follows.

3. Bounds of mP and Aplications on Smooth Polytopes
In this section, we will give some bounds for mP depending on the combinatorial data of
smooth lattice polytope P . We begin by introducing some standard facts about polytopes.
Definition 3.1. Let P be a lattice polytope of dimension d. The normalized volume of P ,
denoted by Vol(P ), is defined to be
Vol(P ) = d! · {Euclidean volume of P}.
The following classical lemma gives a straightforward way to calculate the normalized
volume of any lattice polytope given the coordinates of its vertices.
Lemma 3.2. Let P be a d-simplex with vertices {v0, · · · , vd}. Then the normalized volume
of P is given by
Vol(P ) = | det(v1 − v0, · · · , vd − v0)|.
Using normalized volume, we obtain our first bound of mP :
Proposition 3.3. Let P be a smooth d-dimensional lattice polytope. Then for every x ∈
(dP · P ) ∩M and v a vertex of P , we have
mP ≤ d · d
d
P ·Vol(P ).
Proof. Let V = {v1, · · · , vn} be the vertices of P . For any x ∈ dP ·P ∩M , and v ∈ V , since
P is smooth, we have
x− dP · v =
d∑
i=1
aEi(wEi − v),
for some ai ∈ Z≥0 with wEi − v is the primitive ray generator of Cone(vEi − v), where vEi
is a neighbor of v. By Cramer’s rule
aEi =
∆Ei
∆
,
where
∆ = det(wE1 − v, · · · , wEd − v) = 1, and
∆Ei = det(wE1 − v, · · · , wEi−1 − v, x− dP · v, wEi+1 − v · · · , wEd − v).
By Lemma 3.2, ∆Ei is the normalized volume of the simplex
conv(dP v, wE1 +(dP −1)v, · · · , wEi−1 +(dP −1)v, x, wEi+1+(dP −1)v, · · · , wEd+(dP −1)v),
which lies inside the polytope dP · P . Thus, ∆Ei ≤ Vol(dP · P ) = d
d
P Vol(P ). Therefore,
σ(x, dP · v) =
d∑
i=1
aEi ≤ d · d
d
P Vol(P ).

Let P be a d-dimensional smooth lattice polytope. Then for each vertex v of P , there
exist d neighbor vertices to v, say vEi , · · · , vEd , with Ei is the edge of joining v with vEi .
Let wEi − v be the primitive ray generator of Cone(vEi − v). We define the corner of P at
v, a vertex of P , to be
Cv := conv (v, wEi , · · · , wEd) ,
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and the γ-scaling of Cv to be
Cv,γ = conv(v, v + γ · (wE1 − v), · · · , v + γ · (wEd − v)).
Then for some γ big enough, Cv,γ contains the whole polytope P .
Example 3.4. Consider the polytope P given by
P = conv

0 2 2 1 0
0 0 1 2 2

 .
Let O be the origin and v = (1, 1)T . Then
CO = conv

0 1 0
0 0 1

 and Cv = conv

2 2 1
1 0 1

 .
We have Cv,5 ⊇ P and CO,3 ⊇ P .
v
P
Cv,5
O
P
CO,3
Proposition 3.5. Let P be a smooth d-dimensional lattice polytope with V = {v1, · · · , vn}
the set of its vertices. Let γ be the miminum interger such that P ⊆ Cvi,γ for every 1 ≤ i ≤ n.
Then for any u ∈ dP · P ∩M , v ∈ V,
σ(u, dP · v) ≤ dP · γ,
which implies mP ≤ dP · γ.
Proof. For any lattice point u ∈ mP ∩M (with m ∈ Z≥1) and vertex v of mP , u lies inside
the d-simplex formed by scaling the corner at v by mγ. Precisely,
u ∈ Cv,mγ = conv(v, v +mγ · (wE1 − v), · · · , v +mγ · (wEd − v)),
where wEi − v is the primitive ray generator of vEi − v. Equivalently, there are λi ≥ 0 with∑d
i=0 λi = 1 such that
(3) u = λ0v +
d∑
i=1
λi · (v +mγ · (wEi − v)) = v +
d∑
i=1
λi ·m · γ · (wEi − v).
10 BACH LE TRAN
Hence,
(4) u− v =
d∑
i=1
λi ·m · γ · (wEi − v).
Since mP is smooth at v, Cv,mγ is also smooth at v, and we can express u − v uniquely in
the form
(5) u− v =
d∑
i=1
ai(wEi − v),
where ai ∈ N for 1 ≤ i ≤ d. Comparing the coefficients in the equations (4) and (5) yields
(†) ai = λi ·m · γ.
Applying (†) for m = dP and u ∈ dPP ∩M , we have
d∑
i=1
ai =
d∑
i=1
dP · λi · γ = dP · γ ·
d∑
i=1
λi ≤ dP · γ.
In other words,
σ(u, dP · v) ≤ dP · γ.
In particular, since mP is the maximum of the σ(u, dP · v), we have
mP ≤ dP · γ.

As a corollary, we obtain a bound for smooth lattice polytopes as follows.
Corollary 3.6. Let P be a smooth d-dimensional lattice polytope with n vertices, γ is the
minimum integer such that P ⊆ Cv,γ for every vertex v of P . Then P is k-normal for all
k ≥ min

 dP (γ − 1) · n+ 1,(d · ddP · Vol(P )− dP ) · n+ 1

 .
Proof. This follows directly from Theorem 2.7, Proposition 3.3, and Proposition 3.5. 
Corollary 1.2 follows since dP ≤ d− 1.
Remark 3.7. As a final remark to this session, suppose that P is a d-dimensional smooth
lattice polytope. Then for any lattice point u ∈ P ∩M and any vertex v ∈ V , we have
(6) u− v =
d∑
i=1
ai(wEi − v),
where ai ∈ Z≥0 and wEi − v is the primitive generator of Cone(vEi − v). Take m
′ to be the
maximal of all such ai; i.e.,
m′ = max
u∈P∩M,v∈V
{
ai
∣∣∣ u− v = d∑
i=1
ai(wEi − v)
}
.
Then m′ is well-defined because P is a smooth polytope and |P ∩ M | < ∞. We have
P ∩M ⊆ Cv,m′ for every v ∈ V . In other words, γ ≤ m
′.
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4. The Castelnuovo-Mumford Regularity of Normal Toric Varieties
In this section, we will give a survey on combinatorial interpretations of the Eisenbud-
Goto conjecture. First of all, let us recall the definition of Castelnuovo-Mumford regularity.
Definition 4.1. Let X ⊂ Pr be a projective variety and F a coherent sheaf over X . We
say that F is k-regular if
Hi(X,F (k − i)) = 0
for all i > 0. The regularity of F , denoted by reg(F ), is the minimum number k such that
F is k-regular. We also say that X is k-regular if the ideal sheaf IX of X is k-regular and
use reg(X) to denote the regularity of X (or of IX).
Regularity and k-normality are closely related by the well-known fact as noted, for ex-
ample, in [Kwa00] as follows.
Proposition 4.2. Let X ⊆ Pr be an irreducible projective variety. Then for k ∈ Z≥1, X is
(k + 1)-regular if and only if X is k-normal and OX is k-regular.
Proof. It is clear that X is k-normal if and only if H1(IX(k)) = 0. We have an exact
sequence
0→ IX → OX → OPr → 0.
Suppose that X is (k + 1)-regular; i.e., Hi(IX(k + 1− i)) = 0 for all i ≥ 1. Taking the long
exact sequence of the cohomology, we see that for i = 1, H1(IX(k)) = 0; i.e., X is k-normal;
and that Hi−1(OX(k + 1 − i)) = 0 since H
i(OPr (k + 1 − i)) = 0 for i ≥ 2. In other words,
OX is k-regular.
Conversely, suppose that X is k-normal and OX is k-regular. From the long exact
sequence of the cohomology, we have for all i ≥ 2, Hi(IX(k + 1− i)) = 0 since H
i(OPr (k +
1− i)) = 0 and Hi−1(OX(k + 1− i)) = 0 by the hypothesis that OX is k-regular. The case
H1(IX(k)) = 0 follows from the assumption that X is k-normal. Hence, X is (k+1)-regular.
The conclusion follows. 
As a corollary, we obtain an equation of reg(X) in terms of reg(OX) and kX for any
irreducible projective variety X .
Proposition 4.3. Let X ⊆ Pr be an irreducible projective variety. Then
reg(X) = max{reg(OX), kX}+ 1.
Proof. By a result attributed to Castelnuovo by Mumford ([Mum66, Lecture 14]), if X is
k-regular then X is (k + 1)-regular. Therefore, for any k ≥ max{reg(OX), kX} we have X
is k-normal and OX is k-regular. By Proposition 4.2, X is (k + 1)-regular. Thus,
reg(X) ≤ max{reg(OX), kX}+ 1.
Now suppose that k ≤ max{reg(OX), kX}− 1. Then either X is not k-normal or OX is not
k-regular. Hence, IX is not (k + 1)-regular by Proposition 4.2. Therefore,
reg(X) ≥ max{reg(OX), kX}+ 1.
The conclusion follows. 
Now we give a combinatorial interpretation of reg(OX) for X a normal projective toric
variety.
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Proposition 4.4. Let X ⊂ Pr be a normal projective toric variety with P the corresponding
lattice polytope of the embedding. Then OX is k-regular if and only if k ≥ deg(P ). In other
words, reg(OX) = deg(P ).
Proof. The “if” direction essentially follows from [Her06, Theorem IV.5]. Conversely, sup-
pose that k ≤ deg(P )− 1. Then we have
dimHd(X,OX(k − d) = |(d− k)P ∩M | 6= 0
since d− k ≥ d− deg(P ) + 1. Hence, OX is not k-regular. The conclusion follows. 
Combining Propositions 4.3 and 4.4, we obtain a combinatorial relation between reg(X),
kP , and deg(P ), the degree of P .
Proposition 4.5. Let X ⊂ Pr be a d-dimensional normal projective toric variety X and P
the corresponding lattice polytope of the embedding of X. Then
reg(X) = max{kP , deg(P )} + 1.
Proof. This follows directly from Propositions 4.3 and 4.4. 
Notice that deg(P ) ≤ d. Thus, using the upper bound of kP we obtained in Theorem 1.1
for Proposition 4.5, we obtain an upper bound for reg(X):
Corollary 4.6. Let X ⊂ Pr be a normal projective toric variety with P the corresponding
lattice polytope of the embedding. Suppose that P has n vertices. Then
reg(X) ≤ (mP − dP )n+ 1,
where mP and dP are defined as in Theorem 2.7.
Proof. This follows directly from Propositions 1.1, 4.5, and the fact that deg(P ) ≤ dim(P ).

By [HKN17, Proposition 2.2], we have that for P a very ample lattice polytope,
deg(P ) ≤ Vol(P )− |P ∩M |+ d+ 1.
Combining this with Proposition 4.5, we have the following corollary.
Corollary 4.7. Let X ⊂ Pr be a normal projective toric variety with P the corresponding
lattice polytope of the embedding. Suppose that kP ≤ dim(X); i.e., P is dim(X)-normal,
then
reg(X) ≤ dim(X) + 1.
Furthermore, if kP ≤ deg(P ), then
reg(X) ≤ min{dim(X) + 1, deg(X)− codim(X) + 1}.
Proof. Let d = dim(X) = dim(P ). If kP ≤ d, then since deg(P ) ≤ d by definition,
max{kP , deg(P )} ≤ d. Hence, by Proposition 4.5,
reg(X) ≤ dim(X) + 1.
Now suppose that deg(P ) ≥ kP . Then kP ≤ d, so we only need to show that reg(X) ≤
deg(X)− codim(X)+ 1} by the argument above. By Proposition 4.5, reg(X) = deg(P )+ 1.
Now we since deg(P ) ≤ Vol(P ) − |P ∩M | + d + 1 by [HKN17, Proposition 2.2], it follows
that
reg(X) ≤ deg(X)− codim(X) + 1}.
The conclusion follows. 
ON k-NORMALITY AND REGULARITY OF NORMAL TORIC VARIETIES 13
Remark 4.8. If kP = 1, Proposition 4.7 implies the well-known fact that the Eisenbud-Goto
conjecture holds for projectively normal toric varieties ([EG84,Hoc72]).
Remark 4.9. By Propositions 4.5 and 4.7, we can now restate the Eisenbud-Goto conjecture
combinatorially as follows: if P is a non-normal very ample d-dimensional lattice polytope,
then
kP ≤ Vol(P )− |P ∩M |+ d+ 1.
Suppose that P has n vertices, then n ≤ |P ∩M |. Thus by Corollary 4.6, if
(mP − dP + 1)|P ∩M |+ 1 ≤ Vol(P ) + d
then the Eisenbud-Goto conjecture holds for the toric variety X associated to P . Unfortu-
nately, this is not always the case, as we will show in Example 5.1. Furthermore, suppose
that P is smooth and γ = min{n ∈ Z≥1 | Cv,n ⊇ P for all v ∈ V}, then Eisenbud-Goto
conjecture holds for X if
(dP · (γ − 1) + 1) · |P ∩M | ≤ Vol(P ) + d.
If the Oda’s conjecture holds, then the Eisenbud-Goto conjecture would be true for all
smooth polytopes as well because of Proposition 4.7.
5. Examples of The Regularity of Some Non-Normal Very Ample Polytopes
In this section, we will show that the Eisenbud-Goto conjecture holds for some known
examples of non-normal very ample polytopes. We first consider the following example by
Gubeladze and Bruns.
Example 5.1 ([GB09]). Consider the polytope P which is the convex hull of the vertices
given by the columns of the following matrix
M =


0 1 0 0 1 0 1 1
0 0 1 0 0 1 1 1
0 0 0 1 1 1 s s+ 1


with s ≥ 4. We can verify directly that P is not (s − 2)-normal for s ≥ 4. Indeed, let
v = (1, 1, s− 1)T . Then v ∈ (s− 2)P ∩M since

1
1
s− 1

 = s(s− 2)− s− 1s(s− 2)


0
0
0

+ 1s(s− 2)


s− 2
0
0


+
1
s(s− 2)


0
s− 2
0

+ s− 1s(s− 2)


s− 2
s− 2
s(s− 2)

 ,
with
1 =
s(s− 2)− s− 1
s(s− 2)
+
1
s(s− 2)
+
1
s(s− 2)
+
s− 1
s(s− 2)
.
But v /∈ P ∩M + · · ·+ P ∩M︸ ︷︷ ︸
s−2
.
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Now we have Vol(P ) = s + 6, |P ∩ Z3| = 8, dim(P ) = 3, so let X be the toric variety
associated to P , we have
deg(X) = s+ 6 and codim(X) = |P ∩ Z3| − (dim(P ) + 1) = 4.
The Eisenbud-Goto conjecture says that reg(X) ≤ deg(X) − codim(X) + 1 = s + 3. By
[BDGM15, Theorem 3.3], kP = s − 1 ≥ 3 ≥ deg(P ). Hence, by Proposition 4.7, we have
reg(X) = s and the Eisenbud-Goto conjecture holds for this example s.
To compare this to the bound of Theorem 2.7, we have dP = νP = 2, dP +1 ≤ mP ≤ s−1
by Lemma ??, and kP ≤ 8(s− 4) + 3 = 8s− 29. We have the following table of the known
bounds of the Castelnuovo-Mumford regularity of X :
reg(X) Theorem 2.7 Sturmfels ([Stu95]) Eisenbud-Goto ([EG84])
s 8s− 28 24(s+ 6) s+ 3
For s = 4, we have 8s− 28 = 4, so the bound in Theorem 2.7 is sharp and the Eisenbud-
Goto conjecture holds for this case. For s ≥ 5, since 8s − 28 > s + 3, our bound does not
imply the Eisenbud-Goto conjecture.
This example is interesting in many ways. First of all, it gives an example of non-normal
very ample polytopes. In addition, because of P is not (s − 2)-normal and Proposition
4.5, one cannot bound the k-normality and Castelnuovo-Mumford regularity of X by any
polynomial of dimX . Furthermore, the polytope P gives an example of very ample polytopes
that cannot be covered by very ample simplices. To show this, we need the following lemma.
Lemma 5.2. Let P1, · · · , Pn be very ample lattice polytopes such that P =
⋃n
i=1 Pi is a
convex polytope. Then P is very ample and
kP ≤ max{kPi |i = 1, · · · , n}.
Proof. Suppose that x ∈ kP for some k ≥ max{kPi |i = 1, · · · , n}. Then x ∈ kPi for some
i = 1, · · · , n. Hence, x can be expressed as a sum of k lattice points in Pi ⊆ P . Therefore,
P is k-normal for all k ≥ max{kPi |i = 1, · · · , n}; i.e., kP ≤ max{kPi |i = 1, · · · , n} and P
is very ample since we know that a polytope is very ample if and only if it is k-normal for
some k big enough. 
Proposition 5.3. Any 3-dimensional very ample non-normal lattice polytope P cannot be
covered by very ample lattice 3-simplices.
Proof. Suppose that P can be covered by very ample 3-simplices P = ∪ni=1Pi. Then we
have each Pi is normal and kPi = 1 by [Oga05, Proposition 2.2]. Hence, kP = 1 by Lemma
5.2. This contradicts the result of [BDGM15, Theorem 3.3] that kP = s− 1 ≥ 3. Therefore,
P cannot be covered by very ample simplices. 
From Proposition 5.3 it follows that the polytope P defined in Example 5.1 cannot be
covered by very ample lattice 3-simplices.
Example 5.4. For d ≥ 3 and h ≥ 1, Higashitani contructed a class of d-dimensional very
ample lattice polytopes Pd,h with exactly h holes, the lattice points in kP that cannot be
expressed at a sum of k lattice points in P k runs from 2 to kP − 1 ([Hig14, Theorem 1.]),
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as follows. Let
ui =


0, i = 1
ed, i = 2
e2 + · · ·+ ed−1, i = 3
h(e2 + · · ·+ ed−1 + ed), i = 4
(h− 1)(e2 + · · ·+ ed−1) + hed, i = 5
h(e2 + · · ·+ ed−1) + (h− 1)ed, i = 6
e1 + 4ed, i = 7
e1 + 5ed, i = 8
e1 + e2 + · · ·+ ed−1, i = 9
e1 + e2 + · · ·+ ed−1 + ed, i = 10,
and
vi = ei, i = 2, · · · , d− 1
v′i = ei + ed, i = 2, · · · , d− 1,
where e1, · · · , ed are the unit coordinate vectors of R
d. Then define Pd,h to be the convex
hull of
{u1, · · · , u10} ∪ {vi, v
′
i|i = 2, · · · , d− 1}.
We have Pd,h is very ample and kPh,d = 3 ([Hig14, Theorem 1]). Furthermore, Ph,d has h
holes and its facets are all normal ([Hig14, Lemma 5 & 6]), so the holes are interior lattice
points of Ph,d. Thus deg(Ph,d) = dim(Ph,d) = d ≥ 3 = kPh,d .
By Proposition 4.7, we have that reg(X) = deg(Ph,d) + 1, where X ⊆ P
r is the toric
variety obtained from Pd,h. The Eisenbud-Goto conjecture holds for X because of [HKN17,
Proposition 2.2].
We have in this case mPh,d = kPh,d = 3, dPh,d = 2, so Theorem 2.7 yields
kPh,d ≤ (mP − dP − 1)n+ νP + 1 = νP + 1 ≤ n.
This is much stronger than the Sturmfels’ bound ([Stu95]): kP ≤ |P ∩M | · Vol(P ) · (|P ∩
M | − d− 1)− 1.
6. On dP and Normal Polytopes
We will give a short survey on dP in this section. We first begin with some upper bounds
of dP :
Proposition 6.1. Let P be a lattice polytope. Then
(1) [Her06, Proposition IV.10] If P is not a standard simplex, then
dP ≤ degP.
(2) [HKN17, Proposition 2.2] If P is spanning, in particular if P is very ample, then
dP ≤ Vol(P ) + d+ 1− |P ∩M |.
Remark 6.2. Unfortunately, unlike Lemma 2.4, P is normal does not implies that dP =
deg(P ), with the standard simplex is a counterexample. In this case, we have dP = 1 while
deg(P ) = 0. In addition, it is not the case that dP = deg(P ) implies P is normal, with a
counterexample given in Example 5.1, where dP = deg(P ) = 2.
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Since dP = 1 if and only if P is normal, we obtain a simple combinatorial proof for part
of [BSV15, Proposition 6.9].
Corollary 6.3 ([BSV15, Proposition 6.9]). Any lattice polytope of degree 0 or 1 is normal.
Proof. If degP = 0, then P is a basic simplex, so it is normal. Now suppose that degP = 1.
By Proposition 6.1, dP ≤ degP ≤ 1, which implies that P is normal. 
By Proposition 4.5, the Eisenbud-Goto conjecture would imply the following inequalities,
that we summarize in the follwing question.
Question 6.4. Let P be a lattice polytope, is it the case that dP ≤ Vol(P )+d+1−|P ∩M |
even if P is not a spanning polytope? If it is not then is it true that dP ≤ Vol(P ) for all
lattice polytope P? Also, if P is very ample lattice polytope, do we always have kP ≤ VolP?
It is obviously true that dP ≤ Vol(P ) if Vol(P ) ≥ d − 1. The interesting case is when
Vol(P ) ≤ d− 2; i.e, P is a “small” polytope.
Example 6.5. Let P be a lattice polytope with dimP ≤ 3. Then
dP ≤ VolP.
Also, for any d-dimensional lattice polytope P , if dP ≤ 2, then dP ≤ Vol(P ).
Proof. In dimension 2, since dP = 1 always, we have dP ≤ Vol(P ). If dimP = 3, then
either dP = 1, so dP ≤ Vol(P ) trivially, or dP = 2. If dP = 2, then Vol(P ) ≥ dP . This is
because if Vol(P ) = 1 then P is a standard simplex and so P would be normal and dP = 1,
a contradiction. Hence, dP ≤ Vol(P ) for the case dimP = 3 as well. 
In general, the difference kP −dP cannot be bounded by any polynomial of dim(P ), with
an example again given by Example 5.1.
Proposition 6.6. For any non-negative integer n, there exists a 3-dimensional very ample
lattice polytope P such that kP − dP = n.
Proof. For n = 0, any normal polytope P would give the desired result. For n ≥ 1, take
P to be the polytope in Example 5.1 with s = n + 3. Then we have dP = 2 and by
[BDGM15, Theorem 3.3], kP = n+ 2. The conclusion follows. 
However, for very ample lattice simplices we have the following result.
Proposition 6.7 ([BGT97, Theorem 1.3.3 (a)], [Oga05, Proposition 2.4]). Let P be a very
ample lattice simplex. Then
kP − dP ≤ dimP − 1.
Proof. If dimP = 2 then P is normal by [BGT97, Theorem 1.3.3 (a)], so 0 = kP − dP ≤
dimP − 1 = 1. The case dimP ≥ 3 follows from the proof of [Oga05, Proposition 2.4]. 
The ultimate goal in bounding kP − dP is to prove or disprove that for smooth lattice
polytope we have kP − dP = 0. This is another interpretation of Oda’s question [Oda88].
Another question is what dilations of P are normal. It is well-known that if P is a d-
dimensional lattice polytope then (d − 1)P is normal ([LTZ93], [EW91], [BGT97]). The
following lemma, which follows easily from the definition of dP , gives a slightly improved
result, which also implies [Her06, Proposition IV.10] because of Proposition 6.1.
Proposition 6.8. Let P be a lattice polytope. Then mP is normal for every m ≥ dP .
As a corollary of Proposition 6.1 and Proposition 6.8, we have:
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Corollary 6.9. For any very ample lattice polytope P , Vol(P ) · P is normal.
Furthermore, dP is a possible candidate for the minimum number nP with the property
that kP is normal for every k ≥ nP .
Question 6.10. Let P be a lattice polytope. Then is it always the case that
dP = min{n ∈ Z≥1 | kP is normal for all k ≥ n}?
This is true in case dimP = 2 or dimP = 3.
Example 6.11. Let P be a lattice polytope such that dim(P ) ≤ 3. Then
dP = min{n ∈ Z≥1 | kP is normal for all k ≥ n}
Proof. The case dimP = 2 is trivial because any polygon is normal by [BGT97, Theorem
1.3.3 (a)]. If dimP = 3, either dP = 1 or dP = 2. For the case dP = 1, P is then normal;
hence, the statement is true in this case. If dP = 2, we have P is not normal but kP is
normal for all k ≥ 2 by Proposition 6.8. The conclusion follows. 
However, it is possible that kP is normal for some k < dP ; i.e., nP is normal does
not imply (n + 1)P is also normal. Lason´ and Micha lek ([LM17]) found an example of a
polytope P such that 2P and 3P are normal but 5P is not. For such a P we must have
5 < dP ; otherwise, 5P must be normal by Proposition 6.8. This example also implies that
the inequalities kP+Q ≤ max{kP , kQ} and dP+Q ≤ max{dP , dQ} do not hold in general. On
the other hand, it is easy to see that for any lattice polytopes P and Q, we have
dP∪Q ≤ dP×Q = dP⊙Q = max{dP , dQ},
and if P and Q are very ample,
kP∪Q ≤ kP×Q = kP⊙Q = max{kP , kQ},
where P ×Q and P ⊙Q are the Cartesian product and the join of P and Q, respectively.
The following corollary gives criterion for normality of polytopes with small degree.
Corollary 6.12. Let P be a lattice polytope. Suppose that P is k-normal for all k ≤
dimP − degP . If 2 degP ≤ dimP then P is normal.
Proof. Since dP ≤ deg(P ) and 2 degP ≤ dimP , we have dimP − degP ≥ dP . Thus, P is
normal because of the definition of dP . 
Since P is k-normal does not imply P is also (k+1)-normal in general ([Han90, Theorem
9]), it makes sense to verify k-normality for k ≤ dimP − degP in the above corollary.
References
[BDGM15] Matthias Beck, Jessica Delgado, Joseph Gubeladze, and Mateusz Michaek, Very ample and
Koszul segmental fibrations, Journal of Algebraic Combinatorics 42 (2015), no. 1, 165182.
[BGT97] Winfried Bruns, Joseph Gubeladze, and Ngo Viet Trung, Normal polytopes, triangulations, and
Koszul algebras, Journal fu¨r die reine und angewandte Mathematik 485 (1997), 123–160.
[BM92] Dave Bayer and David Mumford, What can be computed in algebraic geometry?, In Computa-
tional Algebraic Geometry and Commutative Algebra, University Press, 1992, pp. 1–48.
[BSV15] Grigoriy Blekherman, Gregory G. Smith, and Mauricio Velasco, Sums of squares and varieties
of minimal degree, Journal of the American Mathematical Society 29 (2015), no. 3, 893–913.
[Buc83] B. Buchberger, A note on the complexity of constructing gro¨bner-bases, pp. 137–145, Springer
Berlin Heidelberg, Berlin, Heidelberg, 1983.
[EG84] David Eisenbud and Shiro Goto, Linear free resolutions and minimal multiplicity, Journal of
Algebra 88 (1984), no. 1, 89–133.
18 BACH LE TRAN
[EW91] Gnter Ewald and Uwe Wessels, On the ampleness of invertible sheaves in complete projective
toric varieties, Results in Mathematics 19 (1991), no. 3, 275278.
[GB09] Joseph Gubeladze and Winfried Bruns, Polytopes, rings, and K-theory, Springer New York,
2009.
[Gia05] Daniel Giaimo, On the Castelnouvo-Mumford regularity of connected curves, Transactions of
the American Mathematical Society 358 (2005), no. 1, 267–284.
[Han90] David Handelman, Effectiveness of an affine invariant for indecomposable integral polytopes,
Journal of Pure and Applied Algebra 66 (1990), no. 2, 165–184.
[Her06] Milena Hering, Syzygies of toric varieties, Ph.d. thesis, University of Michigan, 2006.
[Hig14] Akihiro Higashitani, Non-normal very ample polytopes and their holes, The Electronic Journal
of Combinatorics 21 (2014), no. 1.
[HKN17] Johannes Hofscheier, Lukas Kattha¨n, and Benjamin Nill, Ehrhart theory of spanning lattice
polytopes, International Mathematics Research Notices rnx065 (2017), 1–27.
[Hoc72] Melvin Hochster, Rings of invariants of tori, Cohen-Macaulay rings generated by monomials,
and polytopes, Annals of Mathematics 96 (1972), no. 2, 318–337.
[KP14] Sijong Kwak and Jinhyung Park, A bound for Castelnuovo-Mumford regularity by double point
divisors, ArXiv e-prints abs/1406.7404 (2014).
[Kwa98] Sijong Kwak, Castelnuovo regularity for smooth subvarieties of dimensions 3 and 4, Journal of
Algebraic Geometry 7 (1998), no. 1, 195–206.
[Kwa00] , Generic projections, the equations defining projective varieties and castelnuovo regu-
larity, Mathematische Zeitschrift 234 (2000), no. 3, 413–434.
[Laz87] Robert Lazarsfeld, A sharp castelnuovo bound for smooth surfaces, Duke Mathematical Journal
55 (1987), no. 2, 423–429.
[LM17] Micha l Lason´ and Mateusz Micha lek, Non-normal very ample polytopes - constructions and
examples, Experimental Mathematics 26 (2017), no. 2, 130–137.
[LTZ93] Jiyong Liu, Leslie E. Trotter, Jr., and Gunter M. Ziegler, On the height of the minimal hilbert
basis, Results in Mathematics 23 (1993), no. 3, 374–376.
[MM82] Ernst W Mayr and Albert R Meyer, The complexity of the word problems for commutative
semigroups and polynomial ideals, Advances in Mathematics 46 (1982), no. 3, 305–329.
[MP16] Jason McCullough and Irena Peeva, Counterexamples to the Eisenbud-Goto regularity conjec-
ture, Preprint (2016).
[Mum66] David Mumford, Lectures on curves on an algebraic surface, Princeton University Press, 1966.
[Nit14] Max Joachim Nitsche, A combinatorial proof of the Eisenbud-Goto conjecture for monomial
curves and some simplicial semigroup rings, Journal of Algebra 397 (2014), no. Supplement C,
47 – 67.
[Oda88] Tadao Oda, Convex bodies and algebraic geometry, Springer, 1988.
[Oga05] Shoetsu Ogata, k -normality of weighted projective spaces, Kodai Mathematical Journal 28
(2005), no. 3, 519–524.
[PS98] Irena Peeva and Bernd Sturmfels, Generic lattice ideals, Journal of the American Mathematical
Society 11 (1998), no. 2, 363–373.
[Stu95] Bernd Sturmfels, Equations defining toric varieties, Algebraic GeometrySanta Cruz 1995, Proc.
Sympos. Pure Math., vol. 62, American Mathematical Society, 1995, pp. 437–449.
E-mail address: b.tran@sms.ed.ac.uk
School of Mathematics, University of Edinburgh, James Clerk Maxwell Building, Peter
Guthrie Tait Road, Edinburgh EH9 3FD
